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Abstract 
In the present study, the behaviour of nanofluids is investigated numerically in a lid-driven triangular enclosure which has a partially 
heated on bottom side to gain insight into convective recirculation and flow processes induced by a nanofluid. The present model is 
developed to examine the behaviour of nanofluids taking into account the heater length. Fluid mechanics and conjugate heat transfer, 
described in terms of continuity, linear momentum and energy equations, were predicted by using the Galerkin finite element method. 
Comparisons with previously published work on the basis of special cases are performed and found to be in excellent agreement. 
Numerical results are obtained for a wide range of parameters such as the Richardson number, and heater length. Copper-water nanofluids 
is used with Prandtl number, Pr = 6.2. The streamlines, isotherm plots and the variation of the average Nusselt number at the hot surface 
as well as average fluid temperature in the enclosure is presented and discussed in detailed. 
© 2012 The authors, Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Bangladesh Society 
of Mechanical Engineers 
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Nomenclature 
cp Specific heat at constant pressure v vertical velocity component (ms-1) 
g gravitational acceleration (ms-2) Y dimensionless vertical coordinate 
Gr Grashof number  
H enclosure height (m) Greek symbols 
HL Heater length (m) thermal diffusivity (m2s-1)  
k thermal conductivity (Wm-1K-1) thermal expansion coefficient (K-1) 
L length of the cavity (m) solid volume fraction 
Nu Nusselt number dynamic viscosity (kg m-1s-1) 
p dimensional pressure (Nm-2) kinematic viscosity (m2s-1) 
P dimensionless pressure  non-dimensional temperature 
Pr Prandtl number density (kg m-3) 
Re Reynolds number penalty parameter 
Ri Richardson number general dependent variable 
T temperature (K)  average temperature  
u horizontal velocity component (ms-1)   
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U dimensionless horizontal velocity component Subscripts 
V dimensionless vertical velocity component h hot 
V0 lid velocity (ms-1) c cold 
V  cavity volume (m
3) f fluid 
x horizontal coordinate (m) nf nanofluid 
X dimensionless horizontal coordinate s Solid nanoparticle 
y vertical coordínate (m)   
1. Introduction 
The heat transfer properties of thermo fluid play an important role in the development of energy-efficient heat transfer 
equipment. Passive enhancement methods are commonly utilized in the electronics and transportation devices. But the 
working fluids such as ethylene glycol, water and engine oil have poor heat transfer properties. In that regard, various 
techniques have been proposed to enhance the heat transfer performance of fluids. Researchers have also tried to increase 
the thermal conductivity of base fluids by suspending micro- or larger-sized solid particles in fluids since the thermal 
conductivity of solid is typically higher than that of liquids. Therefore a new class of heat transfer fluids can be designed by 
suspending metallic nanoparticles in conventional heat transfer fluids. In recent years, nanofluids have attracted more 
attention for cooling in various industrial applications such as Silicon Mirror Cooling, electronics cooling, vehicle cooling, 
transformer cooling, nuclear reactors, lakes and reservoirs, and solar applications etc. 
A detailed explanation of the transient hot wire method in measuring the thermal conductivity of nanofluids is given by 
Lee et al. [1]. Maiga et al. [2] performed numerical simulations to study the convective heat transfer in nanofluids by 
assuming the nanofluid as a single phase fluid. Roy et al.[3] conducted a numerical study of heat transfer for Al2O3/water 
nanofluids in a radial cooling system. Xuan et al.[4] for the first time proposed a Lattice Boltzmann model for simulating 
flow and energy transport processes inside nanofluids. Xue et al. [5] were first to use molecular dynamics simulation to 
identify the effect of liquid layering at the liquid-solid interface on thermal transport in nanofluids. He et al. [6] studied the 
convective heat transfer of TiO2 nanofluids under the laminar conditions using an Eulerian-Lagrangian two-phase model. 
Wen and Ding [7] investigated the effect of particle migration on heat transfer in suspensions of nanoparticles flowing 
through mini channels. Rahman et al.[8] made a numerical investgation of heat transfer enhancement of nanofluids in an 
inclined lid-driven triangular enclosure. Billah et al.[9] conducted a numerical analysis on heat transfer enhancement of 
copper–water nanofluids in an inclined lid-driven triangular enclosure. 
2. Mathematical formulation 
 The physical model for the present study is sketched in Fig. 1. The problem deals with a steady two-dimensional flow of 
nanofluid contained in a lid-driven triangular enclosure. The length of the base wall and height of the sliding wall of the 
enclosure are denoted by L and H, respectively. The sliding wall of the cavity is kept adiabatic and allowed to move from 
bottom to top at a uniform speed V0. In addition, the temperature (Th) of the bottom wall is higher than the temperature (Tc) 
of the right inclined wall. 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Schematic of the problem with the domain and boundary conditions. 
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The free space in the enclosure is filled with copper water nanofluids. The nanofluid in the enclosure is Newtonian, 
incompressible and laminar. The nanoparticles are assumed to have uniform shape and size. It is assumed that thermal 
equilibrium exists between the base fluid and nanoparticles, and no slip occurs between the two media. The physical 
properties of the nanofluid are considered to be constant except the density variation in the body force term of the 
momentum equation which is satisfied by the Boussinesq’s approximation. Under the above assumptions, the system of 
equations governing the two-dimensional motion of a nanofluid is as follows: 
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The effective density nf  of the nanofluid is defined by 
1nf f s           (5) 
where  is the solid volume fraction of nanoparticles. In addition, the thermal diffusivity nf  of the nanofluid can be 
expressed as: 
nf
nf
p nf
k
c
           (6) 
The heat capacitance of nanofluids can be defined as: 
1p p pnf f sc c c         (7) 
Additionally, nf  is the thermal expansion coefficient of the nanofluid and it can be determined by 
1nf f s          (8) 
Furthermore, nf  is the dynamic viscosity of the nanofluid introduced by Brikman [10] as  
2.51
f
nf            (9) 
The effective thermal conductivity of nanofluid was intoduced by Kanafer et al.[11] as: 
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where, ks is the thermal conductivity of the nanoparticles and kf is the thermal conductivity of base fluid. 
Introducing the following dimensionless variables  
2
2
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The governing equations may be written in the dimensionless form as 
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HL = 0.3 HL = 0.1 HL=0.4 HL = 0.2 
Fig. 2. Effects of heater length on streamlines at different Ri 
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The nondimensional numbers that appear in equations (13)-(15) are as follows: 
Reynolds number 0 fRe V L , Prandtl number f fPr and Richardson number 
2
0f h cRi g T T L V  
The appropriate boundary conditions for the governing equations are 
on the bottom wall: 0, 1U V  (on the heater), 0, 0U V
N
 (on the unheated part)  
on the left wall: 0, 1, 0U V
N
  
on the right inclined wall: 0, 0U V  
where N is the non-dimensional distances either X or Y direction acting normal to the surface. 
The average Nusselt number at the heated surface of the cavity may be expressed as 
1
0
nf
f
k
Nu dX
k Y
   (16) 
and average fluid temperature in the enclosure may be  defined as /d V V    (17) 
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HL = 0.3 HL = 0.1 HL=0.4 HL = 0.2 
Fig. 3. Effects of heater length on isotherm at different Ri 
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3. Solution procedure 
The Galerkin weighted residual method of finite element formulation is employed as a numerical scheme. The finite 
element method begins by the partition of the continuum area of interest into a number of simply shaped regions known as 
elements. These elements may be different shapes and sizes. Within each element, the dependent variables are approximated 
using interpolation functions. In the present study erratic grid size system is considered especially near the walls to capture 
the rapid changes in the dependent variables. The coupled governing equations (12)-(15) are transformed into sets of 
algebraic equations using finite element method to reduce the continuum domain into discrete triangular domains. The 
system of algebraic equations is solved by iteration technique. The solution process is iterated until the subsequent 
convergence condition is satisfied: 1 610m m  where m is number of iteration and  is the general dependent variable. 
4. Results and discussion 
The present numerical study is carried out for copper-water nanofluids as working fluid with Prandtl number of 6.2. In 
this investigation, our attention is taken into account to investigate the effects of controlling parameters namely the heater 
length (HL), and Richardson number (Ri). It is worth to note that the value of Ri is varied from 0.1 to 10 by changing 
Grashof number Gr to cover forced convection dominated region, pure mixed convection and free convection dominated 
region. Moreover, the results of this study are presented in terms of streamlines and isotherms. Furthermore, the heat 
transfer effectiveness of the enclosure is displayed in terms of average Nusselt number Nu and the dimensionless average 
bulk temperature . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2 shows the streamlines in a lid-driven triangular enclosure for four heater lengths HL(= 0.1, 0.2, 0.3, and 0.4) at 
Ri =( 0.1, 1 and 10). The fluid flow in a 2-D lid-driven enclosure is characterized by a primary clockwise circulating cell 
near the vicinity of the sliding wall in the enclosure generated by the motion of the lid and a weaker anticlockwise rotating 
cell near the right bottom corner for Ri = 0.1 and 1. In addition, the main cell is generated by the lid dragging the 
neighboring fluid. Though the flow strength of the main cell is same, the size of the main cell is affected for changing Ri 
from 0.1 to 1. One may notice that the flow strength of the main cell changes from -0.06 to -0.08 while Ri increases from 1 
to 10. It is also found from the streamlines that the size of clockwise rotating cell is increasing when HL is increasing for Ri 
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Fig. 4. Effects of average Nusselt (left) and average temperature (right) for different Ri 
= 10, and dramatically the weaker anticlockwise rotating cell disappears. This is due to increase in the heater length as a 
result of high-energy transport through the flow associated with the irregular motion of the ultrafine particles. The isotherm 
plots indicate the lines with equal intervals between unity (hot wall) and zero (cold wall). Fig. 3 illustrates the streamlines in 
a lid-driven triangular enclosure for four heater lengths HL(= 0.1, 0.2, 0.3, and 0.4) at Ri =( 0.1, 1 and 10). It is noticed that 
isotherm lines become denser towards the heater for each value of HL at the considered value of Ri. It is also observed that 
the thermal layer become thicker gradually towards the heated surface of the enclosure for the increasing value of Ri, which 
indicates the steeper temperature gradient in the horizontal direction in this region. At the upper part of the cavity, the 
temperature gradients are very small due to the mechanically-driven circulations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.4 plots the average Nusselt number (Nu) at the hot surface, which is a measure of the overall heat transfer rate as a 
function of Richardson number for the abovementioned values of heater length. As clearly be seen that Nu increases very 
slowly for all values of heater length with the increasing Ri. However, the values of Nu are always higher for the lowest 
value of HL (= 0.1). It is found that heat transfer increased by 100% as HL decreases from 0.4 to 0.1 at Ri =1. The effect of 
heater length on average fluid temperature ( ) in the enclosure is exposed in right column of Fig. 4. It is observed that  
increases significantly with the increasing Ri for all values of heater length. It is noticed that  is maximum for the smallest 
values HL (= 0.1). 
5. Conclusion 
Mixed convection in a lid-driven triangular enclosure filled with nanofluids is studied numerically. Results for various 
parametric conditions are presented and discussed. From the above study, the following conclusions are made: 
 The flow and thermal fields as well as the heat transfer rate inside the enclosure are strongly dependent on the 
Richardson number. 
 Maximum heat transfer occurs when heater is small in size. 
 Nanofluids are capable to modify the flow pattern. 
 The heater length is a good control parameter for both pure and nanofluid filled enclosures 
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